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DL AGRAMS

To draw knots on paper, we can take a picture of them, and record the
crossings in a diagram:

Because you can rearrange the parts of a knot, it may have very different
looking diagrams:

bat jsnt!

It turns out that any two diagrams of the same knot are connected by
something called Reidemeister moves. However, we need a simpler
way of telling knots apart.



TNVART ANTS

Invariants are a way of describing a knot that doesn’t change as you
manipulate the knot: they are the same for all diagrams of a knot.
Because of this, if two diagrams have different invariants, they must
represent different knots.

There are many invariants, here are some of the simplest:

T(ico’o(abi"-{—ﬂ the  Curves between crossings

A knot is tricolorable if you can color the arcs of any diagram with
three colors, following two rules:

1. At any crossing, either just one, or all three colors are used.

2. At least two colors are used.

For example, the unknot is not tricolorable but the trefoil is, so they
are different knots.
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Note: you can tricolor one diagram of a knot if and only if you can
tricolor them all, so you you only need to check one diagram.
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Which of the following knot diagrams can be tricolored? Based on
this, which could be the unknot?
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One of the above is not tricolorable, but using our next invariant, we’ll
see it is not the unknot. This shows that invariants can’t always tell
knots apart.



Cpeaing Num ber

The crossing number of a knot is the smallest number of crossings in

any diagram of the knot. But this means we have to check all possible
diagrams!

Peter Tait showed that for an alternating diagram, this is just the

number of crossings. A diagram is alternating if the crossings alternate
over and under as you go along the diagram.
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Note: if a diagram is not alternating, the crossing number of the knot
may be less than the number of crossings in the diagram. This is
because we could twist parts to add more crossings.
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Some knots also have no alternating diagrams (whether or not they do is
also an invariant!)
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What are the crossing numbers of the following knots?



Hiearchﬂ of Lnvariants

Many more invariants have been studied:

Tue/ False Tr’.co\ombilibg, In\)Er&ibi]itg, Chiglity ...

Number Cmﬁéi(\ﬂ #, Ur\kno’ctinﬂ #, Stick ¥ ...

Po‘gncm'la\ joneé, ﬁ\exmder‘, Cor\wa\j, Kauffman ...

Group(®) Fundamental Gaaup oF the complement , K hovanow Homo\ogj

In general, more complicated invariants give more information, so can
tell more knots apart, but this isn’t always the case.

The crossing number tells apart all the knots shown so far, but it
cannot tell these two apart.
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Surprisingly the simpler invariant of tricolorability can!

Try to explain why one is not tricolorable, and how this shows they
aren’t the same knot.



Bonus Fun Tidbits

Knots can be added by taking their connected sum. This allows one to
break large knots into simpler parts. Knots that can’t be divided in this
way are called prime knots, like how prime numbers can’t be divided.
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Chiral knots are distinct from their mirror images. The trefoil is chiral, but
the figure 8 knot is not. If a knot is not chiral, then the coefficients of its
Jones polynomial are symmetric.

Alexander’s theorem shows that every knot can be represented by a
braid, if you connect its ends. More than one braid can represent the
same knot.
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The Dowker code is a way to translate a diagram into a list of numbers.
These can be enumerated to find every knot! Unfortunately it is not an
invariant, though there are perfect invariants that tell apart every knot
(they are too hard to compute though).

Check out “The Knot Book” by Colin Adams to learn more!
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Which of the following knot diagrams can be tricolored? Based on

this, which could be the unknot?

E ithec
arb'm(“lﬂ‘ Then, Way als,

V\S’c we Color one afc 0 e
o ga't\éPfj rule 1 ot Hﬁe cicc leol Crbss\ﬂg Con't tei-
WE_con cdlee this
i sane o all three not , We
con't o
- slor the
@ kr)ct 50
this Ma
the Lmknot

Fdﬂ , regarcliess oF the cdorused

Fa.l' to Sa‘ﬂSX'_t:f rule 1,
one crossing Wil on\g have

Lhe last are muse be  red
but ther rule 2 s yislated o colorz,

One of the above is not tricolorable, but using our next invariant, we’ll

see it is not the unknot. This shows that invariants can’t always tell

knots apart.
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What are the crossing numbers of the following knots?
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